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A graph is a set of objects (vertices) and their binary relations (edges).

Two basic questions in graph theory:

If a graph has certain property, what is the structure?

If a graph has certain structure, what (nice) properties does it have?

One famous example is the Hadwiger Conjecture: all non-“Kn-like” graphs

aren − 1-colorable.

This is so-calledKn-minor.

We may similarly define “H-like” graphs, that isH-minors. A lot of deep

results in graph theory is based on that, for example, theGraph Minor

Theoremby Robertson and Seymour.

A possible approach to find a minor in a graph is to use what so-called

linkage.
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Introduction (Cont.)
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arek disjoint pathsP1, P2, . . . , Pk so thatPi connectssi to ti.
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A graph isk-linked if for any 2k verticess1, s2, . . . , sk, t1, t2, . . . , tk, there

arek disjoint pathsP1, P2, . . . , Pk so thatPi connectssi to ti.

A weaker requirement “there arek disjoint paths connecting the set

S = {s1, s2, . . . , sk} andT = {t1, t2, . . . , tk}” gives ak-connectedgraph.

An approach to find anH-minor using linkage:

H

What we have found here is anH-subdivision, and in fact, we use something

much stronger than having H-subdivision.

– p. 3/13



Definition

A graph isH-linked if we can always find internally disjoint paths

corresponding the edges ofH no matter how we place the vertices ofH in the

graph.
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A graph isH-linked if we can always find internally disjoint paths

corresponding the edges ofH no matter how we place the vertices ofH in the

graph.

In other word, a graph isH-linked means the graph haveH-subdivisions

everywhere.

If H is a matching of sizek, then we getk-linked graphs.

If H is a cycle of lengthk, then we getk-orderedgraphs, that is, for any

givenk vertices of circular ordering, there is a cycle passing thek-vertices

in the given order.

A lot of well-studied notions could be stated asH-linkage for some

special graphH.
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Sufficient minimum degree conditions (Dirac-type)

(Kostochka, Y, 2005) if n ≥ 5k + 6, thenδ(G) ≥ ⌈(n + k)/2⌉ − 1

suffices fork-edge graphH with min degree at least2.

(Ferrara, Gould, Tansey, Whalen, 2005) if n is sufficiently large,

δ(G) ≥ ⌈(n + η(H))/2⌉ − 1 suffices for all connected multigraphs.

(Gould, Kostochka, Y, 2006) If n ≥ 9.5(e(H) + n(H)), then

δ(G) ≥ ⌈(n + b(H))/2⌉ − 1 suffices for any multigraphH.

Sufficient degree-sum conditions (Ore-type)

(Kostochka, Y, 2006+)

σ2(G) ≥















⌈n + (3k − 9)/2⌉, if n > 2.5k − 5.5

⌈n + (3k − 8)/2⌉, if 2k ≤ n ≤ 2.5k − 5.5

2n − 3, if k ≤ n ≤ 2k − 1.

suffices for

k-edge graphH with min degree at least2.
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(Jung, 1970) f(2) = 6.
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(Jung 1970; Larman-Mani 1974; Mader 1968) f(k) exists.

(Robinson and Seymour, 1995) f(k) = O(k log k).

(Bollobás and Thomason, 1996) f(k) ≤ 22k.

(Thomas and Wollan, 2005) f(k) ≤ 16k.

(Kawarabayashi, Kostochka, Y, 2005) f(k) ≤ 12k.

(Thomas and Wollan, 2005) f(k) ≤ 10k.

(Wollan and Thomas, 2006+) f(3) ≤ 10.

(X. Yu, 2003)f(P4) = 8.
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be a star withk leaves.
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A fresh look at k-connectivity

Let Ik be the graph consisting of one edge andk − 1 isolated vertices, andSk

be a star withk leaves.

I5 S5

A graph isIk-linked if and only if it isk-connected.

A graph isSk-linked if and only if it isk-connected.

For any graphH such thatIk ⊆ H ⊆ Sk, a graph isH-linked if and only if it

is k-connected.

Any such nice properties fork-linkage,k-orderability?
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A new graph relation

DenoteH1 ≤ H2 if all H2-linked graphs are alsoH1-linked.

If H2 ⊆ H1, thenH2 ≤ H1.

P4 ≤ C4, thusf(C4) ≥ f(P4) ≥ 8.

Ck−1 ≤ Ck, that is ak-ordered graph is alsok − 1-ordered.

If H2 has more vertices thanH1, thenH2 6≤ H1, sinceKn(H2) − e is not

H2-linked.
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H2 ≤ H1 if and only if H2 ⊆ H1.
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H2 ≤ H1 if and only if H2 ⊆ H1.

Sufficiency is obvious.

Suppose thatH2 6⊆ H1, andH2 is not a subgraph of a star. Then

Kn+e(H2)−1 − E(H2) is notH2-linked, butH1-linked.

Infinite family of such examples can be constructed by addingany number

of vertices joined to all vertices not incident to the deleted copy ofH2.

A corollary to above result is that ifH1 is not contained in a star, then the

H1-linkage andH2-linkage properties are equivalent if and only ifH1
∼= H2.
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deleting an edgexy and introducing a new vertexx′ adjacent only toy.
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A splinteroperation at at a vertexx in a graphH forms a new graphH ′ by

deleting an edgexy and introducing a new vertexx′ adjacent only toy.

Theorem:If H ′ is obtained from a graphH by a splinter operation, then

H ≤ H ′.

A graph isk-linked if and only if it isH-linked for every graphH with k

edges and no isolated vertices.

k-connectivity property can be upgraded tok-linkage property by the

splinter operation onSk.
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meet every edge.

Theorem:Let H1 andH2 be simple graphs, whereH1 hasn + k vertices and

H2 hasn vertices andm edges. Ife(H1 ∩ H2) ≤ m − k − 1 and

β(H2) ≥ k + 3, thenG = Kn(H2)+e(H2)−1 −E(H2) is notH2-linked, and is

H1-linked.

β(H2) = k + 2 also works if we requirem > 2k + 2 or H2 does not

belong to certain family of graphs.

Again, an infinite family of such example could be formed.

From this result, to find implication relations, we have to restrict our

attention to two graphs with a lot of common edges, or the smaller graph

has small vertex cover.
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Possible further research problems

What happens if we consider multigraphs?

Bk-linked is equivalent tok-connected, whereBk is the multigraph with

two vertices andk multiedges between them.

Apply the splinter operation on one end ofBk, we eventually getSk.

if consider the graphs with fixed number of edges, what is the poset structure?

Fork = 4, we do not know the relations betweenC4 andK2 + K3 and the

four consecutive pairs of the following five graphs:

K
′

1,3
C4 K2 + K1,3

K2 + K3 2P3

we know thatMk is always at the top of the poset andSk is at the bottom,

and the longest chain has lengthk − 1.
– p. 12/13
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