Vector fidds

Definition:

(i) E iscaled atwo dimensional vector field if F isatwo dimensional vector valued function of
two variables. There exists two scalar valued functions (say, P and Q) of two variables, called
component functionsof F suchthat F =Pi+Qj.

(i) F iscaled athreedimensional vector field if F isathreedimensiona vector valued function of
three variables. There exists three scalar valued functions (say, P, Q and R) of three variables, called
component functionsof F suchthat E=Pi+Qj+Rk,

Example: If f isascalar valued function of two or three variables, then Uf isatwo or three
dimensional vector field respectively.

Definition: A vector field F iscalled conservative if there exists ascaar valued function f such that
F =0f . Insuchacase, f iscalled the potential function of F .

Theorem 1 (Mixed derivative theorem for two dimensional conservative vector fields): If
F(x,y)=P(x,y) +Q(x,y)j isaconservative vector field suchthat P and Q have continuous first-

order partial derivative for (x,y) in D, then
oP _dQ

a—y—& in D

Theorem2 (Converse of Theorem 1): If F(x,y)=P(x, y)i +Q(x, y)i isavector field for (X, y) inan

open, simply connected region D suchthat P and Q have continuous first-order partial derivative

oP
and E:a—(j in D, then F isaconservative vector fieldin D, that is, there exist ascalar valued

function f defined over D suchthat F =0Of .



Lineintegrals over an oriented curve

Let C be an oriented curve with a starting and an ending point lying in two or three dimensional space.

() Lineintegrals of a scalar valued function

Definition: If T isascaar valued function of two or three variables, then thelineintegral of f over

C with respect to arc length, denoted by J'f(x, y)ds or jf(x’ Y z)ds’ is given by

C

jf(x y)ds = I|m2f(>g y, )As or jf(x Y, z)ds—llme(xI Y, ,;*) As

C
if thelimit exists where € denotesthe arc lengthon C. Slmllarly one can aso define theline integral
of T over C with respect tothe given variables, namely,
jf(x, y)dx & '[f(x, y)dy or '[f(x, Y, z)dx, '[f(x, y, z)dy & jf(x, y,z)dz_
C

C C C C

(I Lineintegrals of a vector field

Definition: If F isa two or three dimensional vector field, then thelineintegral of F over C,

denoted by IED;dS isgiven by

IF [Tds= I|mZ[F x, y, Er| ]As or IF T ds= I|mZ[F xI Y, )D—_‘(x;,y;,z;)]Asﬂ
if the limit exists where T denotes unit tangent vector on C.

Formula:
() Two dimensional case: If the oriented curve C isgiven by L(t)=<X(t), y(t)> for ast<b, f isa

scalar valued function of two variables, F =(P,Q) isatwo dimensional vector field, then
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(b) Three dimensional case: If the oriented curve C isgiven by L(t)=<X(t), y(t), Z(t)> for ast<b, f
is ascalar valued function of three varigbles, F =(P,Q,R) isathree dimensional vector field, then
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[Fmds= T[E(L(t)) ' (t)]at = [[P(x(t), y(t). 2) % (t) + QUx(t). y(t). (t) y (t)+ ROx(t). y(t). 2(t) 2 ()] ot

Other Notations: Sometimes iED—_dS is denoted by iEmL and also by ide+Qdy or
dex+Qdy+ Rdz_
C

Remark: Theright hand sides in the formulas do not depend on the choice of the representative r for
the oriented curve C.

Properties of lineintegrals:

(i) If —C denote the same curve C but with reverse orientation, then J; f ds:l fds ang

JFTds=-[FTas
-C C

(ii) If C, and C, betwo oriented curves such that C, finishes at the point where C, starts, then
CI@ = cf * cf where C, [T, isthe curve obtained by joining C, and C,.

(iii) jds =length of thecurveC
C

Fundamental theorem of lineintegrals: If C isasmooth oriented curve starting at the point A &
ending at the point B, and f isascalar valued function of two or three variables such that Uf is
continuous at all points on C, then

[of @ds=f|, - f|,
C



