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Partial Chessboard Game

There are two black knights and two white knights on the paiti
chess board. Switch the black knights with the white kniglte
two knights at same position any time). What is the minimum
number of steps to do this?

Gexin Yu gexin.yu@vanderbilt.edu Extremal Problems in Graph Packing



Partial Chessboard Game

There are two black knights and two white knights on the paiti
chess board. Switch the black knights with the white kniglte
two knights at same position any time). What is the minimum
number of steps to do this?

Gexin Yu gexin.yu@vanderbilt.edu Extremal Problems in Graph Packing



Partial Chessboard Game

There are two black knights and two white knights on the paiti
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Partial Chessboard Game

There are two black knights and two white knights on the paiti
chess board. Switch the black knights with the white kniglts
two knights at same position any time). What is the minimum
number of steps to do this?
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Figure: Steps taken: ?

Gexin Yu gexin.yu@vanderbilt.edu Extremal Problems in Graph Packing



Partial Chessboard Game

There are two black knights and two white knights on the paiti
chess board. Switch the black knights with the white kniglts
two knights at same position any time). What is the minimum
number of steps to do this?
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Partial Chessboard Game

There are two black knights and two white knights on the paiti
chess board. Switch the black knights with the white kniglts
two knights at same position any time). What is the minimum
number of steps to do this?
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Figure: Steps taken: 2 +4
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Partial Chessboard Game

There are two black knights and two white knights on the paiti
chess board. Switch the black knights with the white kniglts
two knights at same position any time). What is the minimum
number of steps to do this?
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Partial Chessboard Game

There are two black knights and two white knights on the paiti
chess board. Switch the black knights with the white kniglts
two knights at same position any time). What is the minimum
number of steps to do this?
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Figure: Steps taken: 2+4+2+4

Gexin Yu gexin.yu@vanderbilt.edu Extremal Problems in Graph Packing



Partial Chessboard Game

There are two black knights and two white knights on the paiti
chess board. Switch the black knights with the white kniglts
two knights at same position any time). What is the minimum
number of steps to do this?
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Figure: Steps taken: 2+4+2+4+8
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Partial Chessboard Game

There are two black knights and two white knights on the paiti
chess board. Switch the black knights with the white kniglts
two knights at same position any time). What is the minimum
number of steps to do this?
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Figure: Steps taken: 2+4+2+4+8+2=22

Gexin Yu gexin.yu@vanderbilt.edu Extremal Problems in Graph Packing



What is a graph?

I A graph consists obbjectsand abinary relationbetween the
objects.

Gexin Yu gexin.yu@vanderbilt.edu Extremal Problems in Graph Packing



What is a graph?

I A graph consists obbjectsand abinary relationbetween the
objects.

I To visualize a graph, we can use dots to denote objects, and
lines between dots to indicate the relation.
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What is a graph?

I A graph consists obbjectsand abinary relationbetween the
objects.

I To visualize a graph, we can use dots to denote objects, and
lines between dots to indicate the relation.

I A graphG = (V;E) consists of vertex se¥ (objects) and
edge setE (relation).
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Basic Notation
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Basic Notation

Petersen graph
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Basic Notation

I n(G) = jV(G)j: the order ofG
e(G) = JE(G)j: the size ofG

n(G) = 10 and e(G) = 15
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Basic Notation

I n(G) = jV(G)j: the order ofG
e(G) = JE(G)j: the size ofG
I d(v): degree of a vertex
(G): the minimum degree ofs
( G): the maximum degree o0&

\Y

n(G) = 10 and e(G) = 15
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Basic Notation

I n(G) = jV(G)j: the order ofG
e(G) = JE(G)j: the size ofG
I d(v): degree of a vertex
(G): the minimum degree ofs
( G): the maximum degree o0&

I Gisregularif (G)=( G)
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Basic Notation

I n(G) = jV(G)j: the order ofG
e(G) = JE(G)j: the size ofG
I d(v): degree of a vertex
(G): the minimum degree ofs
( G): the maximum degree o0&

I Gisregularif (G)=( G)
I G: the complement ofG
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Basic Notation

I n(G) = jV(G)j: the order ofG
e(G) = JE(G)j: the size ofG
I d(v): degree of a vertex
(G): the minimum degree ofs
( G): the maximum degree o0&

I Gisregularif (G)=( G)
I G: the complement ofG
uv 2 E(G), uv62XE(G)
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Basic Notation

I n(G) = jV(G)j: the order ofG
e(G) = JE(G)j: the size ofG

A I d(v): degree of a vertex
J//IA%\\ (G): the minimum degree o6
S = ( G): the maximum degree of

\\/.\‘//,‘/ | Gis regular if (G)= ( G)
: I G: the complement ofG

uv 2 E(G), uv62XE(G)
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Basic Notation

I n(G) = jV(G)j: the order ofG
e(G) = JE(G)j: the size ofG
I d(v): degree of a vertex
(G): the minimum degree ofs

\?—'T;V_?"_"V;/ ( G): the maximum degree o0&
\.§l/.\\‘€’/ I Gisregularif (G)=( G)

I G: the complement ofG
uv 2 E(G), uv62XE(G)
(G)=n 1 (G
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N~

Gexin Yu gexin.yu@vanderbilt.edu Extremal Problems in Graph Packing



I Let Gy = (V1 Ep) and G, = (V2 E) be graphs of order at
most n, with maximum degree 1 and ,, respectively.

Gexin Yu gexin.yu@vanderbilt.edu Extremal Problems in Graph Packing



I Let Gy = (V1 Ep) and G, = (V2 E) be graphs of order at
most n, with maximum degree 1 and ,, respectively.

I G; and G, packif they can be embedded into the same vertex
set such that the edge sets do not intersect.
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I Let Gy = (V1 Ep) and G, = (V2 E) be graphs of order at
most n, with maximum degree 1 and ,, respectively.
I G; and G, packif they can be embedded into the same vertex
set such that the edge sets do not intersect.
G ©
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I Let Gy =(Vq;E1) and G, = (V2; Eo) be graphs of order at
most n, with maximum degree 1 and », respectively.

I G and G, packif they can be embedded into the same vertex
set such that the edge sets do not intersect.

G ©
G—
G © N >
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I Let Gy =(Vq;E1) and G, = (V2; Eo) be graphs of order at
most n, with maximum degree 1 and », respectively.

I G and G, packif they can be embedded into the same vertex
set such that the edge sets do not intersect.

G ©
G—
G © N >

I Two n-vertex graphsG; and G, pack
(0 G is a subgraph of the complement &.
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Relation to other notions|A Common Generalization

G contains subgraplF ( G packs withF
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Relation to other notions|A Common Generalization

G contains subgraplF ( G packs withF

I n-vertex graphG contains a hamiltonian cyc(éhat is, a cycle
containing all vertices)
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I n-vertex graphG contains a hamiltonian cyc(éhat is, a cycle
containing all vertices) B
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I G has an equitablé&-coloring(G can be colored withk color
such that all color classes have almost the same size)
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Relation to other notions|A Common Generalization

G contains subgraplF ( G packs withF

I n-vertex graphG contains a hamiltonian cyc(éhat is, a cycle
containing all vertices)
0 ann-cycleC, packs withG.

I G has an equitablé&-coloring(G can be colored withk color
such that all color classes have almost the same size)
(0 G packs withk cliques of ordem=k

I Tuan-type problems: every graph with more thaex(n; G)
edges packs witlG
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Relation to other notions|A Common Generalization

G contains subgraplF ( G packs withF

I n-vertex graphG contains a hamiltonian cyc(éhat is, a cycle
containing all vertices)
0 ann-cycleC, packs withG.

I G has an equitablé&-coloring(G can be colored withk color
such that all color classes have almost the same size)
(0 G packs withk cliques of ordem=k

I Tuan-type problems: every graph with more thaex(n; G)
edges packs witlG
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Relation to other notions|A Common Generalization

G contains subgraplF ( G packs withF

I n-vertex graphG contains a hamiltonian cyc(éhat is, a cycle
containing all vertices) B
(0 ann-cycleC, packs withG.

I G has an equitablé&-coloring(G can be colored withk color
such that all color classes have almost the same size)
(0 G packs withk cliques of ordem=k

I Tuan-type problems: every graph with more thaex(n; G)
edges packs witlG

I Ramsey problems:
I \most" problems in extremal graph theory
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Relation to other notions|A Distinction

I In subgraph problemsusually) at least one of the graphs is
xed.
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Relation to other notions|A Distinction

I In subgraph problemsusually) at least one of the graphs is
xed.

I In packing problemseach member of a “large' family of graphs
containseachmember of another “large' family of graphs.
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Relation to other notions|A Distinction

I In subgraph problemsusually) at least one of the graphs is
xed.

I In packing problemseach member of a “large' family of graphs
containseachmember of another “large' family of graphs.

I Erdjs-Ss Conjecture (1963): Let G be graph ofn vertices
andT be a tree ofk edges. Ife(G) < %n(n k), then G and
T pack.
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Sauer-Spencer Theorem({l

Theorem (Sauer and Spencer, 19Y&wo n-vertex graphss; and
G, pack, if

e(Gr)e(Gy) <
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Sauer-Spencer Theorem({l

Theorem (Sauer and Spencer, 19y&wo n-vertex graphsG; and
G, pack, if
n
e(Ge(G) <, -
Proof. Consider a random bijection betweah(G;) andV (Gy),

uniformly among alin! bijections.
For edgee 2 G; andf 2 Gy, let Ags be the event thate is mapped

to f.
Then 2n 2) 1
n I
P(Aef) = T = T
Since

[
P Aet) e(GC)e(G2)P(Aer) < 1
there is a mapping fronts; to G, such that no edges are
overlapped.
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Sauer-Spencer Theorem({l

Theorem (Sauer and Spencer, 19Y&wo n-vertex graphss; and
G, pack, if

e(Gr)e(Gy) <

The condition is best possible.
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Sauer-Spencer Theorem({l

Theorem (Sauer and Spencer, 19Y&wo n-vertex graphss; and
G, pack, if

e(Gr)e(Gy) <

The condition is best possible.
Theorem (Kostochka,Y 20074 For every > 0, there existsN,
such that for alln > N, if two n-vertex graphsz; and G, satisfy

e(Ge(G) @ )n?

then they pack, unless they belong to a well-de ned familypafirs
of graphs.
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Sauer-Spencer Theorem({l

Theorem (Sauer and Spencer, 19Y&wo n-vertex graphss; and
G, pack, if

e(Gr)e(Gy) <

The condition is best possible.
Theorem (Kostochka,Y 20074 For every > 0, there existsN,
such that for alln > N, if two n-vertex graphsz; and G, satisfy

e(Ge(G) @ )n?

then they pack, unless they belong to a well-de ned familypafirs
of graphs.

Accepted in Feb 6, 2008 by JCTB
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Sauer-Spencer Theorem({ll

Theorem (Sauer and Spencer, 19Y8et G andH be two n-vertex
graphs. If2( G) ( H) < n, then G andH pack.
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Sauer-Spencer Theorem({ll

Theorem (Sauer and Spencer, 19Y8et G andH be two n-vertex
graphs. If2( G) ( H) < n, then G andH pack.

I Kaul and Kostochka(2007) characterized alc and H which
satisfy2 ( G) ( H) = n and do not pack.
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Sauer-Spencer Theorem({ll

Theorem (Sauer and Spencer, 19Y8et G andH be two n-vertex
graphs. If2( G) ( H) < n, then G andH pack.

I Kaul and Kostochka(2007) characterized alc and H which
satisfy2 ( G) ( H) = n and do not pack.

I For ( G); ( H) 2, the degree condition is "almost' best

possible
Example: Letn=(d+21)(I+1) 2.
C O Kan < > Kis
| | C O Kan dl < DK
O Kan K
C OKaa K
G H
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The BEC Conjecture

Conjecture: (Bollokas and Eldridge; Catlin, 1978Let G; and G,
be two n-vertex graphs. I{ ( G)+1)(( G)+1) n+1,then
G, and G, pack.
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The BEC Conjecture

Conjecture: (Bollokas and Eldridge; Catlin, 1978Let G; and G,
be two n-vertex graphs. I{ ( G)+1)(( G)+1) n+1,then
G, and G, pack.
I WhenG; is a disjoint copies of complete graphs of almost
same orders,
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Conjecture: (Bollokas and Eldridge; Catlin, 1978Let G; and G,
be two n-vertex graphs. I{ ( G)+1)(( G)+1) n+1,then
G; and G, pack.
I WhenG; is a disjoint copies of complete graphs of almost
same orders,
BEC conjecture ¥ Every graphG with has an equitable
k-coloring for allk +1. (Hajnal-Szemeedi Theorein
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The BEC Conjecture

Conjecture: (Bollokas and Eldridge; Catlin, 1978Let G; and G,
be two n-vertex graphs. I{ ( G)+1)(( G)+1) n+1,then
G; and G, pack.
I WhenG; is a disjoint copies of complete graphs of almost
same orders,
BEC conjecture ¥ Every graphG with has an equitable
k-coloring for allk +1. (Hajnal-Szemeedi Theorein

I When ( Gp) =2, that is, G, consists of disjoint cycles and
paths,
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The BEC Conjecture

Conjecture: (Bollokas and Eldridge; Catlin, 1978Let G; and G,
be two n-vertex graphs. I{ ( G)+1)(( G)+1) n+1,then
G, and G, pack.
I WhenG; is a disjoint copies of complete graphs of almost
same orders,
BEC conjecture ¥ Every graphG with has an equitable
k-coloring for allk +1. (Hajnal-Szemeedi Theorein
I When ( Gp) =2, that is, G, consists of disjoint cycles and
paths,
BEC Conjecture gives degree conditions for the existence of
ALL possible 2-factors (2-regular graphs)Aigner and
Brandt, 1993; Alon and Fischer, 1996
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The BEC Conjecture

Conjecture: (Bollokas and Eldridge; Catlin, 1978Let G; and G,
be two n-vertex graphs. I{ ( G)+1)(( G)+1) n+1,then
G, and G, pack.
I WhenG; is a disjoint copies of complete graphs of almost
same orders,
BEC conjecture ¥ Every graphG with has an equitable
k-coloring for allk +1. (Hajnal-Szemeedi Theorein
I When ( Gp) =2, that is, G, consists of disjoint cycles and
paths,
BEC Conjecture gives degree conditions for the existence of
ALL possible 2-factors (2-regular graphs)Aigner and
Brandt, 1993; Alon and Fischer, 1996
I When ( G;) =3, BEC gives conditions for the existence of
ALL possible 3-factors (3-regular graphs).
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The BEC Conjecture

Conjecture: (Bollokas and Eldridge; Catlin, 1978Let G; and G,
be two n-vertex graphs. I{ ( G)+1)(( G)+1) n+1,then
G, and G, pack.

I WhenG; is a disjoint copies of complete graphs of almost
same orders,
BEC conjecture ¥ Every graphG with has an equitable
k-coloring for allk +1. (Hajnal-Szemeedi Theorein

I When ( Gp) =2, that is, G, consists of disjoint cycles and
paths,
BEC Conjecture gives degree conditions for the existence of
ALL possible 2-factors (2-regular graphs)Aigner and
Brandt, 1993; Alon and Fischer, 1996

I When ( G;) =3, BEC gives conditions for the existence of
ALL possible 3-factors (3-regular graphs).
Proved for HUGEh (Csaba, Shokoufandeh and Szemeedi,
2003
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A Weakening of BEC conjecture

Theorem 1 (Karl, Kostochka, Y, 20064 Let G; and G, be two
n-vertex graphs. If( Gy); ( &) 300 and

(( G)+1)(( G)+1) 06n+1;

then G; and G, pack.
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Main Tools Developed in the proof of Theorem 1

I We consider aritical pair (Gy; Gp), that is, G; and G, do not
pack, but they can be embedded int, if we remove any
edge fromG; or G, .
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Main Tools Developed in the proof of Theorem 1

I We consider aritical pair (Gy; Gp), that is, G; and G, do not
pack, but they can be embedded int, if we remove any
edge fromG; or G, .

EmbedG; and G, on the same vertex set, and we have a
“subgraph' ofK,,):
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Main Tools Developed in the proof of Theorem 1

I We consider aritical pair (Gy; Gp), that is, G; and G, do not
pack, but they can be embedded int6, if we remove any
edge fromG; or G, .

EmbedG; and G, on the same vertex set, and we have a
“subgraph' ofK,,):

G ©
G—
e, ©
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Main Tools Developed in the proof of Theorem 1

I We consider aritical pair (Gy; Gp), that is, G; and G, do not
pack, but they can be embedded int6, if we remove any
edge fromG; or G, .

I EmbedG; and G, on the same vertex set, and we have a
“subgraph' ofK,,):

G ©
G—
e, ©

u v

I In this embedding, every vertex has two kinds of neighbors:
blue (i.e. in G;) or red (i.e. in Gy) ones.
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Main Tools Developed in the proof of Theorem 1

I We consider aritical pair (Gy; Gp), that is, G; and G, do not
pack, but they can be embedded int6, if we remove any
edge fromG; or G, .

I EmbedG; and G, on the same vertex set, and we have a
“subgraph' ofK,,):

G ©
G—
e, ©

u v

I In this embedding, every vertex has two kinds of neighbors:
blue (i.e. in G;) or red (i.e. in Gy) ones.

I An uv-packing is an embedding such thav is the only
multi-edge.
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Cyclic Swap

A (ug;up;  ;uk)-swap:
I x the embedding of blue edges;

I change thered neighbors ofu; to be thered neighbors of
uij+1 , for eachi.
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Cyclic Swap

A (ug; Uz uk)-swap:
I x the embedding of blue edges;

I change thered neighbors ofu; to be thered neighbors of
ui+1 , for eachi.

Example: a(u1; uy; uz)-swap.

Vi1

T N

U> Us

Before swap
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Cyclic Swap

A (ug; Uz uk)-swap:
I x the embedding of blue edges;

I change thered neighbors ofu; to be thered neighbors of
ui+1 , for eachi.

Example: a(u1; uy; uz)-swap.

Uz U

G o e

Before swap After swap
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(u1;  ;uk)-swapdoes not create new con icting edge#

I for anyi, there is nored-blue 2path fromu; to u+1, and

I forl i<j Kk,ifuy isred, then eithem.q Uj+1 is also
red, or is not an edge.
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(u1;  ;uk)-swapdoes not create new con icting edge#

I for anyi, there is nored-blue 2path fromu; to u+1, and

I forl i<j Kk,ifuy isred, then eithem.q Uj+1 is also
red, or is not an edge.

Howucan the Key Lemma help us?
1
Ui

ug"

. Us

S __-.u4 U3 “\\ e

Before swap After swap
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BEC Conjecture|-Revisited

Bollokas-Eldridge-Catlin ConjectureLet G; and G, be two
n-vertex graphs. I{( G1))+1)(( G)+1) n+1,thenG; and

G, pack.
C O Kan -
| | C O Kan dl < >Ku
C O Kan K
C DKy K
G H
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BEC Conjecture|-Revisited

Bollokas-Eldridge-Catlin ConjectureLet G; and G, be two
n-vertex graphs. I{( G1))+1)(( G)+1) n+1,thenG; and

G, pack.
C O Kan -
| | C O Kan dl < >Ku
C O Kan K
C DKy K
G H

Maybe we solve a more general problem " rst'?
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Ore-type packing problems

I (Dirac, 1959 Everyn-vertex graph with (G) n=2is
hamiltonian.
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Ore-type packing problems

I (Dirac, 1959 Everyn-vertex graph with (G) n=2is
hamiltonian.

I (G) corresponds to( G)
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Ore-type packing problems

I (Dirac, 1959 Everyn-vertex graph with (G) n=2is
hamiltonian.
I (G) corresponds to( G)

I (Ore, 1960 Everyn-vertex graph with »(G) nis
hamiltonian, where »(G) = minfd(u) + d(v) : uv 62E(G)g
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Ore-type packing problems

I (Dirac, 1959 Everyn-vertex graph with (G) n=2is
hamiltonian.

I (G) corresponds to( G)

I (Ore, 1960 Everyn-vertex graph with »(G) nis
hamiltonian, where »(G) = minfd(u) + d(v) : uv 62E(G)g

I Let (G)=maxfd(u)+ d(v):uv2 E(G)g.
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Ore-type packing problems

I (Dirac, 1959 Everyn-vertex graph with (G) n=2is
hamiltonian.

I (G) corresponds to( G)

I (Ore, 1960 Everyn-vertex graph with »(G) nis
hamiltonian, where »(G) = minfd(u) + d(v) : uv 62E(G)g

I Let (G)=maxfd(u)+ d(v):uv2 E(G)g.

G+ 6 (6 2(06)
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Ore-type packing problems

(Dirac, 1959 Everyn-vertex graph with (G) n=2is
hamiltonian.
(G) corresponds to( G)

(Ore, 1960 Everyn-vertex graph with »(G) nis
hamiltonian, where »(G) = minfd(u) + d(v) : uv 62E(G)g

Let (G)=maxfd(u)+ d(v):uv2 E(G)g.

G+ 6 (6 2(06)

Note that if (G) < 2 ( G), we will have some non-regular
component. This parameter can give us some insight on the
importance of regularity in BEC conjecture.
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Ore-type packing problems

(Dirac, 1959 Everyn-vertex graph with (G) n=2is
hamiltonian.

(G) corresponds to( G)

(Ore, 1960 Everyn-vertex graph with »(G) nis
hamiltonian, where »(G) = minfd(u) + d(v) : uv 62E(G)g
Let (G)=maxfd(u)+ d(v):uv2 E(G)g.

G+ 6 (6 2(06)

Note that if (G) < 2 ( G), we will have some non-regular
component. This parameter can give us some insight on the
importance of regularity in BEC conjecture.

Packing problems involving-function are calledOre-type
packing problems
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Ore-type Analogue to Sauer-Spencer Theorem

I Sauer-Spencer Theorenket G; and G, be two n-vertex
graphs. If2 ( G1) ( &) < n, then G; and G, pack.
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Ore-type Analogue to Sauer-Spencer Theorem

I Sauer-Spencer Theorenket G; and G, be two n-vertex
graphs. If2 ( G1) ( &) < n, then G; and G, pack.

I Theorem 2 (Kostochka, Y, 200Y If two n-vertex graphsz;
and G, satisfy
(G ( G) n

then G; and G, pack, with the following exceptions:

(). one of G; and G, is a perfect matching, and the
other either isK-,.,-, with n=2 odd or containsK_,.; .

(). Gy isK:n  for some odd 1 andG; is a perfect
matching.
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Outline of the Proof of Theorem 2

I Consider acritical pair (Gy; Gy), thatis, (G1)( G2) n but
G; and G, do not pack.
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Outline of the Proof of Theorem 2

I Consider acritical pair (Gy; Gy), thatis, (G1)( G2) n but
G; and G, do not pack.

I For an edgee = uv with dg,(u) = (Gy), consider an
e-packing, that is,e is the only con icting edge.

Gexin Yu gexin.yu@vanderbilt.edu Extremal Problems in Graph Packing



Outline of the Proof of Theorem 2

I Consider acritical pair (Gy; Gy), thatis, (G1)( G2) n but
G; and G, do not pack.

I For an edgee = uv with dg,(u) = (Gy), consider an
e-packing, that is,e is the only con icting edge.

I For everyx 2 V(G) f u;vg, there is ared-blue 2-path or
bluered 2-path fromu to x.

Gexin Yu gexin.yu@vanderbilt.edu Extremal Problems in Graph Packing



Outline of the Proof of Theorem 2

I Consider acritical pair (Gy; Gy), thatis, (G1)( G2) n but
G; and G, do not pack.

I For an edgee = uv with dg,(u) = (Gy), consider an
e-packing, that is,e is the only con icting edge.

I For everyx 2 V(G) f u;vg, there is ared-blue 2-path or
bluered 2-path fromu to x.

Proof. Otherwise, we do qu; x)-swap, and the con icting
edgeuv will be gone.
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Outline of the Proof of Theorem 2 (Cont.)
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Outline of the Proof of Theorem 2 (Cont.)

Count the number of rb/br 2-paths starting fronu:
Lower bound:(n 2)+2=n
Upper bound: (G1) ( G)+ ( G)( G1)  (G)( G) n
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Ore-type packing problems

Conjecture A (KY 2007 Two n-vertex graphG; and G, pack if

(G1) (Gp) < 2n:
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Ore-type packing problems

Conjecture A (KY 2007 Two n-vertex graphG; and G, pack if

(G1) (Gp) < 2n:

Conjecture B (KY 2007 Two n-vertex graphG, and G, pack if

(( G)+1(05 (&) +1) n+1:
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Ore-type packing problems

Conjecture A (KY 2007 Two n-vertex graphG; and G, pack if

(G1) (Gp) < 2n:

Conjecture B (KY 2007 Two n-vertex graphG, and G, pack if

(( G)+1(05 (&) +1) n+1:

Conjecture C (KY 2007 Two n-vertex graphG; and G, pack if

(05 (&) +1)(05 (G)+1) n+1:
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Ore-type packing problems

Conjecture A (KY 2007 Two n-vertex graphG; and G, pack if

(G1) (Gp) < 2n:

Conjecture B (KY 2007 Two n-vertex graphG, and G, pack if

(( G)+1(05 (&) +1) n+1:

Conjecture C (KY 2007 Two n-vertex graphG; and G, pack if
(05 (&) +1)(05 (G)+1) n+1:

These conjectures appear at an invited problem note at
Combinatorics, Probability and Computing
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Partial Results toward the Conjectures

Theorem (Kierstead and Kostochka, 2007+Every graphG with
(G) 2r+1 has a(r +1)-equitable coloring.
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Partial Results toward the Conjectures

Theorem (Kierstead and Kostochka, 2007+Every graphG with
(G) 2r+1 has a(r +1)-equitable coloring.

I This is the Ore-type analogue of the Hajnal-Szemeedi
Theorem.

I Special case of Conjecture B when one graph is disjoint ®pie
of cliques of almost the same order.
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Partial Results toward the Conjectures

Theorem D (Kostochka and Y, 2008} Every n-vertex graphG

with on 1
©) =

packs with evenyn-vertex graphH with (H) 4.
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Partial Results toward the Conjectures

Theorem D (Kostochka and Y, 2008} Every n-vertex graphG

with on 1
©) =

packs with evenyn-vertex graphH with (H) 4.

I This theorem veri es Conjecture C for the cas¢G,) = 4.
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Partial Results toward the Conjectures

Theorem D (Kostochka and Y, 2008} Every n-vertex graphG

with on 1
©) =

packs with evenyn-vertex graphH with (H) 4.

I This theorem veri es Conjecture C for the cas¢G,) = 4.

I This theorem provides the Ore-type conditions for a graph to
contain all possible2-factors. Note that hamiltonian cycle is a
special2-factor.
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Partial Results toward the Conjectures

Theorem D (Kostochka and Y, 2008} Every n-vertex graphG
with on 1

G

©) =3

packs with evenyn-vertex graphH with (H) 4.

I This theorem veri es Conjecture C for the cas¢G,) = 4.

I This theorem provides the Ore-type conditions for a graph to
contain all possible2-factors. Note that hamiltonian cycle is a
special2-factor.

I The following lemma used in the proof con rmed a recent
conjecture byBialostocki, Finkel, and Gyarfs
Lemma: n-vertex graphG with (G) 2”—31 packs with
everyn-vertex graphH whose components are triangles,
Ks e, and/or Cs+ e.
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Outline of the proof of Theorem D

Imagine how to build a house......
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Thank youl!
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