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PHYSICS 330A — LECTURE 36 — PARITY AND TIME REVERSAL SYMMETRIES

Administrative announcements. Several things to be noted during this week:

1.1.

1.2.

1.3.

1.4.

Assigned reading: Chapter 11, §§11.4-11.5. Review §§2.7, 2.8 (canonical transfor-
mations and invariants).

Homework and Examination. Examination 2 is due Friday at 6 p.m. in my mailbox
or under my office door. I am away this afternoon through Friday, but will have high-
speed Internet connections and can respond to inquiries, but only early morning and
late evening. Homework due November 29th,10.3.4*, 10.3.6*%, 11.2.1. Due December
2", 11.4.2%, 11.4.3%, 11.4.4%,

Physics Colloquium. Scott Dodelson, University of Chicago. “Dark Energy in the
Universe.” Thursday, November 4th, at 4:00 in 4327 Stevenson. Refreshments from
3:45 in 6333 Stevenson.

Change of class schedule. There will be no class on Friday. Please check the schedule
on the course Web site for the post-Thanksgiving period, as there will be changes to
accommodate the Materials Research Society meeting and a “command performance”
FEL review in Boston.

General issues in symmetries. In classical mechanics, we say that if a Hamiltonian H is
invariant under an infinitesimal canonical transformation generated by the variable g(g,p),
then g is a constant of the motion. We also found that any canonical transformation that
leaves JH invariant maps the invariant solutions of the equation of motion onto other solu-
tions that exhibit the same constants of the motion. In quantum mechanics, we have to
translate that into the appropriate language for operators and expectation values. In this
chapter, we focus on three symmetries: space translation, time translation and parity trans-
formations.

2.1.

Translational invariance. Our previous experience suggests that we will want to have
the expectation values play the roles of the dynamical variables of the classical theory.
That means that

x—>xte pp = (X)=(X)+e (P)=>(P)

Remember that the rationale for this is that we assume we are making a Taylor series
expansion of the position about an initial value, and that we neglect all terms except
the first one. That means that we assume the derivative of position (momentum) to
vanish during this infinitesimal translation.
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12..1. One way of describing this process is an active transformation, in which the
particle is assumed to be physically displaced to the right by the transformation.
That is described by saying that the state vectors are changed by the transforma-
tion, in the following way:

T(e)w) =|we) = (e |X|we) = (W[X[W) + & (e [P ) = (W|Pw) =
(WIT* () XT()w) = (w|Xw) + e, (W|T*()PT(e)w) = (W|Phw)

12..2. Alternatively, we can suppose that the state vectors remain unaltered, and that
we move the coordinate system (“the environment”) to the left. In this picture,
often referred to as a passive transformation, the operators are modified

X —=T"(e)XT(e)=X +¢el, P—T"(¢)PT(e)=P

2.2. Passive transformation. Now let us consider the same problem from the point of view
of the passive transformation, which shifts the coordinate system (“the environment”)
instead of the wave function.

11..1. We start from the fact that the transformation shifts the origin to the left by an
amount €:

T*(e)XT(e)= X +¢l, T*(¢)PT(e)=P = (1 + %’G)X(I - %G) =X +¢l

(I+%EG)(X—%8XG) = X—%[X,G] =X+el=[X,G]=inl = G =P+ f(x)

Discuss the rationale for putting in the arbitrary function f{x). If we now invoke
the equation for the transformation of P, we find that [P,G]=0= f(x)=0.

This, in turn, means that in this picture as well, T(e) =[-ieP/n.

11..2. The next step is to examine the notion of translational invariance in the passive
frame of reference, which is defined by the requirement 7% (¢)HT(¢)= H. First
we need to prove a little “lemma” about unitary operators:

UQ(X,P)U = Q(U*XU,UPU) < U*PU*UXU*UXU*UPU = U*PX*PU

The desired results on translational invariance follows by applying this to the
unitary operator 7(€), meaning that henceforth it is permissible to transform any
operator Q by replacing X by X+e and P by P, including as an argument of the
Hamiltonian operator. The argument from Ehrenfest’s theorem goes through in
the same way. In other words, H(X + SI,P) = H(X,P) = }[(x + a,p) = H(x,p).
Note that this has all been derived for the case of infinitesimal transformations.

The final point for this lecture relates to the analogy with classical mechanics. The passive
picture is more easily connected with classical mechanics, because there is a direct corre-
spondence between dynamical variables and operators. We can define the infinitesimal
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changes in the operators X and P in such a way that there is a complete analogy between the

classical and quantum points of view:

i€

dX =T"(e)XT(e)-X =X +el = (1+ EP)X(I—%P) -X= —%[X,P] =¢l

dP =T"(e)PT(e)-P =0 =(I+%8P)P(I—%8P)—P =—%E[P,P]=0

Quantum mechanics

Classical Hamiltonian mechanics

6X=-%[X,P]=sl

dx=¢e{x,p}=¢

OP = —%[P,P] =0

6p=8{p,p}=0

dQ = —%[Q,P] =Q(X +¢l,P)-Q(X,P)

3o =¢e{w, p} = o(x +¢ p)-w(x, p)

O0H = —%[H,P] =0— <P> =0 < Ehrenfest

0 =e{#,p}=0—p=0<=p={#,p}

Infinitesimal unitary transformation generated
by G(X,P)

Infinitesimal canonical transformation gener-
ated by g(x.p)

3. Time translation invariance. The previous results for momentum invariance imply that
physical three-space is homogeneous. Homogeneity in time implies that the same experi-
ment, if repeated at two different times, must also have the same outcome.

3.1. To derive this, we consider a system prepared in state |1p0> at an arbitrary time ¢;, and

allow it to evolve for an infinitesimal length of time € beyond that. We then repeat the
same experiment beginning at another (later!) time, #, and let it also run for a duration

¢. Then we have

i€

e+ €)= 120 ) = ot ) = 12 A0 pvo) = =2 [1() - (1 o) =0

= H(t)) = H(ty) = H =0 < ih(H) = ([H,H])

where the last line is the (trivial) result of Ehrenfest’s theorem with H replacing the ar-
bitrary operator Q. This is clearly the law of conservation of energy, where the re-
quirement of time-translational invariance requires that the Hamiltonian have no ex-
plicit time dependence. Of course, if this is true, the time-dependent Schrodinger
equation reduces to the time-independent Schrodinger equation. (Please read the foot-
note on page 296 for a trenchant note on the power of this notion.)
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Parity invariance. Parity is a discrete, rather than a continuous, transformation. Its effect

is to reflect the state of a particle through the origin: x—-x, p—-p.
f f

4.1. In terms of kets, and the action of the parity operator on a complete (X) basis, we have
the following:
11]x) = |-x), Bilp)=|-p), ) =11 [ [w)(lw)ax = [ |-x)lwhde= [ )= w)ax
= (xw) =w(x) = (x[w) =p(=x), Tp)=|=p), I|x) =[~(-x)) =|x)

I1
It follows that the eigenvalues of the parity operator are +1. It also follows that the
parity operator is equal to its inverse, that it is Hermitian and unitary. Eigenvectors
with eigenvalues +(-)1 are said to be even- (odd-) parity. In the X basis, even- and
odd-parity eigenfunctions have even or odd symmetry.

4.2. We can also do the same thing in the P basis. In any other basis, the eigenfunctions
need not have any particular parity! We can also define the parity operator in terms of
its action on the operators. We have

M*XI=-X, I*PII=-P
The Hamiltonian H(X,P) is parity-invariant if [1"HI1 = H(-X,-P) = H(X,P).

4.3. Discussion questions: (1) What is the parity of the harmonic oscillator wave func-
tions, and why? (2) When do the eigenfunctions of the particle in a one-dimensional
box have definite parity? Describe in detail what happens when this is not true.

4.4. If time, discuss the nuclear parity-violation experiments and theory of Wu, Lee and
Yang (1956-57). Parity is always violated when the weak interaction is at work.

Time reversal invariance. A time-reversed state is one in which the position is the same
but the momentum is reversed: x,.(7)=x(z), p.(t)=-p(7).

5.1. In classical mechanics, we can show that the orbit x,(¢) does in fact follow Newton’s
second law, because NSL is invariant under an exchange of ¢ for —¢. In general, how-
ever, this does not hold true. For example, consider a charged particle in the x-y plane
moving down the z-axis. We wait until it has orbited through one quadrant and then
reverse its motion. Will it return to the time-reversed initial state at =277 Why or
why not?

5.2. In quantum mechanics, time reversal is tantamount to demanding that the wave func-
tion be replaced by its complex conjugate. So the way we test for time-reversal in-
variance is to prepare a state, let it evolve for a time 7, take its complex conjugate, let
that run for a time 7, and see if that is the complex conjugate of the initial state:

IP(X,O) - eiH(x)T/hw(x,O) - eiH*(x)T/hw* (X,O) - e—iH(x)T/heiH*(x)T/hw* (X,O)

sop(x,2T) = e (x,0)= H(x)= H (x)
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25..1. Example 1. The complex potential that is in your Examination is not TRI.
Why? (Because the Hamiltonian is not real, as demanded above.)

25..2. Example 2. Phase conjugation, a third-order nonlinear effect in optics, also re-
verses phase. Is this an example of TRI? (Yes, because it is the same effect as in
holography. See A. Yariv, Phase Conjugation as Real-Time Holography, JQE.)
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