CHAPTER 1

Introduction

Logics come in many guises: botlemanticandsyntactic In Classical Logic, the
truth of a formula can be identified variously by: a lined$ in a truth table; validity
in Boolean algebras; even winning strategies in games. é&s#me time, @roof
of the formula may be obtained in a (classical) Hilbert systauilt from axioms
and a few simple rules, or a Gentzen sequent calculus baoitt fimple axioms but
many rules. These varied guises are useful: they exhilférdifit properties, reveal
unsuspected connections, facilitate deeper algebragsiigation or are well suited
for automated reasoning. There may be much more to a logicatimst (semantic
or syntactic) glance might suggest.

The aim of this book is to show that logics with (semantic)tsom the real
numbersR, also have a natural (and useful') characterization in fatfoeory. These
logics often arise as the basis for systems dealing with etagss; formalizing rea-
soning about natural language expression such as “tall'fast™ in Fuzzy Logic
[152]. For this reason, they are often known as, and arecchbéee fuzzy logics But
logics based on real numbers do in fact turn up in many arelagjic, mathematics,
and computer science:

Example 1.1 (¢-Norm Logics) One way of building fuzziness into a logic is to
make “design choices” at the outset. Take the real unitvatd6, 1] as the set of
truth values,0 being falsity andl truth, and interpret connectives like “and” and
“implies” by functions on[0, 1] having reasonable properties. One good choice is to
interpret “and” byt-norms(see Hajek [72]): binary functions that are commutative,
associative, and increasing, and hawas a unit element. Eaghnorm gives rise to

a logic, for example:

e Godel LogicG is based on the “minimumi-normz x y = min(x,y): the
only t-norm that interpretsA and A” as having the same truth value ad4™
G has deep historical roots, being introduced by Dummett [41]959 as
the infinite-valued version of a family of finite-valued lagidefined by Godel
[66] in the 1930s. It appears not only as an important fuzgycldout also as

a key intermediate logic between Intuitionistic Logic andsSical Logic.



e tukasiewicz Logit , based on the “bounded sumhormz «y = max(0, z+
y — 1), is perhaps even more famous. It is the infinite-valued merobe
a family of many-valued logics introduced by tukasiewics,[®7] in the
1920s. The so-called MV(many-valued)-algebradfdrave been intensively
investigated in their own right (even having a book devotadiesively to them
[34]).

e Product LogicIl, based on the “product-normzx - y, is a more recent ad-
dition to the fuzzy canon [76] (although see [68] for an eardg of product
implication).

Fuzzy logics may also be defined basedctassesf t-norms; e.g. Hajek’s Basic
Logic BL based on continuousnorms [72], and Godo and Esteva’s Monoidal
Norm LogicMTL, the logic of left-continuous-norms [46].

Example 1.2(Expert Systems)Logical reasoning based on the reals also turns up
in expert systems; MYCIN [137] being a famous early examplgable of reasoning
under uncertainty. MYCIN diagnoses blood infections usiagainty factordaken
from the real interval—1, 1] and rules like:

IF the infection is primary-bacteremia

AND the site of the culture is one of the sterile sites

AND the suspected portal of entry is the gastrointestirzaittr
THEN there is suggestive evidence (0.7) that infection draid.

To combine certainty factors MYCIN uses the function:

x—y(l—2x) if min(z,y) >0
r+y . .
Y . :
T *y T min(zl. 1D if min(z,y) <0 < maz(z,y)
x—y(l+x) if max(z,y) <0

This complicated-looking function is an example afranorm defined liket-norms
but where the unit element can lie anywherd(ni1] [151]. Unlike ¢-norms, uni-
norms allow for compensatory behaviour: new information bave either a nega-
tive (decreasing) or a positive (increasing) effect. Mer¥ouninorms can be used
in the same way asnorms, to define fuzzy logics [102].

Example 1.3(Resources)In resource based logit®w oftena formula is used in a
proof matters. In some, like Anderson and Belnap’s relegdogics [3], they must
be used at least once. In others, like Girard’s Linear Lo§%],[once exactly. One
obvious way of modelling resources is to usembersfor example:

e In Meyer and Slaney'#&\belian LogicA [106] (also a comparative logic of
Casari [24]), conjunction and implication are just ordnaddition and nega-
tion onR. Truth is then associated with being greater than equal to



¢ R-Mingle LogicRM, a member of the Anderson and Belnap family [3], also
has truth values ifiR. However, in this case, having one copy of a formula
is the same thing as having any number of copies. That isuoctipn is
interpreted by the function:

vy — min(z,y) fz<—y
Ty = max(z,y) otherwise

sox x x, x “and” x, is justz.

Example 1.4(Residuated Lattices)Real numbers also make good candidates for
constructingalgebras Consider the real lin® equipped with the usual ordet,
addition+, and substraction-: this is an example of an ordered abelian group.
Indeed, it is a particularly useful example, since an egudtolds in this algebra if
and only if it holds inall ordered abelian groups. Such facts can generalized to the
framework ofresiduated lattice$30, 146, 89], which in the commutative case, are
algebras:

(L, A\, V,©,—,t)

where(L, A, V) is a lattice,(L, ®, t) is a monoid, and- is the residuum of, i.e.

x oy < ziff £ <y — z. Interesting candidates for commutative residuatecksti
are obtained whe# is [0, 1] andA andV aremin andmaz, respectively. In this
case we can ask which varietygeneratedoy such algebras, and whether it can be
(finitely) axiomatized.

The examples above give some idea of the kinds of logics ayjebeds that we
are interested in. Our aim is to show that such logics havetaralasyntactic or
proof-theoreticcharacterization. By this, we mean that instead of sayingnafor-
mulas are true by interpretations using algebras, we défjoeitnmic methods that
tell us when they are provable. We consider two main appe&ch

Hilbert systems (also known as Frege systems or axiomatizations) gendrate t
rems from a stock of formulas (called axioms) using a smathiner of rules; often
just one, the modus ponens rule: frotrand A — B, concludeB. Advantages of
this approach are generality - we can think of as many weiddveanderful axioms
as we want - and a close kinship with algebra. On the other,hainen it comes to
actually reasoning and working with proofs, Hilbert syssgpnove extremely cum-
bersome. The problem is that to prove a theorem using ridesriodus ponens, it
is constantly necessary to guess which formulas shouldeaipapplications of the
rule.

Gentzen systemgsintroduced by Gentzen in the 1930s [59], are much bettemwhe
it comes to reasoning about proofs. They gain flexibility l@akihg with structures,
calledsequentsthat look something like:

I'=s A



Here A is a formula and” is a structured collection of formulas: a set, multiset,
or sequence. The sequent arrewis interpreted as “entails” or reading backwards
“follows from”. Intuitively, the sequent says that from thellection of premise§',

we can deducel. Now let us writel’, A for the addition of a formulal to I": often
we can interpret this,” as an “and”. We can then write rules like:

IfI'= A andI' = B, then' = AAB

Sequent systems can be defined for a wide range of logics. rticydar, we can
switch between logics by adding and removing structuraigts obtain substructural
logics [130]; Girard’s Linear Logic [65] being one signifiteexample. Fuzzy logics
do not fit comfortably into this framework, however. To getn@&®n systems for
these logics we need to treat sequents “in parallel”: asafledthypersequents

Sil...|8n

whereS; ... S, are sequents and thg fs read as an “or”. Since hypersequegén-
eralizeordinary sequents, this framework covers logics definetusgquent calculi
and also many others; obtained via rules that alloeractionbetween sequents.

Most important fuzzy logics can be defined in these framewiotk particular, for
Gentzen systems, fuzzy logics occur naturally as “hypermsegversions” of ordi-
nary substructural logics. The key property for such systérthe existence of
so-called “analytic” proofs: proofs where the formulasaeing are built from the
same material (subformulas) as the formula proved. Theesnds of such proofs -
established using the fundamental proof-theoretic teghenofcut-elimination has
very nice consequences. In many cases we can immediatalgeldécidability and
complexity results, obtain interpolation and conseragivtension properties, or use
the calculus as the basis for automated reasoning methodst iMeresting of all,
we can use Gentzen systems to tackle one of the main problkenessed in this
book (and indeed a central topic in the fuzzy logics liter@tustandard complete-
ness showing that the semantic and syntactic approaches deinci

Overview of the Book

The intended audience of this book includes readers unitamifith either fuzzy

logics or proof theory (possibly both). For the former, weyde an accessible
introduction to important fuzzy systems and results, sdimas well as syntactic.
For the latter, we give a proof-theoretic presentation agfuogics with significant

applications to more traditional problems in the area. ®el® give a brief overview
of the contents:

e Chapter 2introduces the semantic building blocks of fuzzy logicsdered
sets of truth values equipped with functions to interpretrazctives. We pay
particular attention to developing the popular (and ndfuraorm approach,



emphasizing the importance of the “fundamental” tukasiewiGodel, and
Productt-norms. We also generalize the setting to cover residuatgmrms,
and, with the help of a little universal algebra, define fultmyics in the frame-
work of commutative residuated lattices.

Chapter 3introduces Hilbert systems for fuzzy logics, built by exderg a
core set of axioms and rules with axioms reflecting key prigepf the log-
ics. A general proof is given that such logics are completi wéspect to
a corresponding subvariety of commutative residuatettéstt This result is
then refined in several steps. First, we obtain completewghsrespect to
chains - linearly ordered members of the variety. Then, bgreing logics
with a special “density rule”, completeness is obtainedhwispect to dense
chains, and in many cases, algebras based on the real numbers

Chapter 4covers Gentzen systems. Sequents are introduced as alesuitab
framework for defining calculi for Classical Logic, Intutiistic Logic, and
many substructural logics. We discover, however, that wheomes to fuzzy
logics, sequents are not enough. The main focus of the ahiagiten a presen-
tation of a large family of fuzzy logics as substructuralitegn the framework

of hypersequents. Soundness and completeness for sequdnt@ersequent
calculi (with cut) are established with respect to Hilbgtems.

Chapter 5is the most technically demanding of the book, covering agtit
eliminations of rules from calculi. First, general conglits are given for struc-
tural rules that ensure cut-elimination for hypersequaltidi. Consequences
of this include the subformula property and in certain cakssdability and
independence results. We then treat the elimination of @ity rule and
show how this gives standard completeness for a large cldggay logics.

Chapter 6treats proof theory for the fundamental fuzzy logics: Luk&ascz
Logic, Godel Logic, and Product Logic, and (aside from basitions) may be
read independently of Chapters 3-5. In the cas@pive explore alternatives
to the hypersequent approach of the previous sectiont FordII, we pro-
vide both hypersequent and sequent calculi with non-standiées and non-
standard interpretations. Finally, we explore an exteffidedework, so-called
relational hypersequents, in which the three logics arsgured uniformly.

Chapter 7explores complexity and efficiency issues. It is mostly @ned
with the fundamental fuzzy logics and can therefore be readdirect contin-
uation of Chapter 6. First, proof systems developed in tbgipus chapter are
used to obtain complexity results for the correspondingyuagics. We then
show how our systems can be extended to give a genuinelyithignic pre-
sentation of the logics following the “logic programminglst’ goal-directed
methodology.

Chapter 8treats the addition of first-order quantifiers to fuzzy Iegiprovid-
ing algebraic, axiomatic, and Gentzen-style extensions.



e Chapter 9covers a variety of miscellaneous topics, slightly out & fitope
of the main text. In particular, we consider the extensiofuaty logics with
modalities/truth-stressers and propositional quansifi&¥e also consider re-
lated families of logics: non-commutative fuzzy logics,iteéavalued logics,
and comparative logics. Finally, we make some commentsefritky case
of Basic Logic and other open problems

Let us say finally what we leave out. There are already a numibféne texts on
algebraic aspects of fuzzy and substructural logics [72784130] and aggregation
operators like-norms [91]. Hence we follow the maxim here of including omyat
we really need; giving references to the literature at thet @freach chapter. With
regards to proof theory, we have made the conscious choiceabjust Hilbert and
Gentzen systems. Of course many other proof-theoreticdinarks could be used:
Natural Deduction, Tableaux, Display Logic, Calculus aluStures, to name just a
few. These approaches are too similar to Gentzen systenifetaaeally interest-
ing alternative perspective, and - to our eyes at least - dbanee the same clarity or
convenience. Hypersequents are in a sense the minimabkéxesf sequents neces-
sary to cover a wide spectrum of fuzzy logics. No doubt by mctiteg the formalism
further in the direction of Display Logic or Calculus of Sttures further systems
could be captured, but with an accompanying loss of clafitge of the virtues of
our presentation is that fuzzy logics occur naturally assuletural logics.



